The propagator for a harmonic oscillator with general time-dependent mass and frequency matrices is constructed from the Van-Vleck/Morette formula. The explicit form of the classical action, and thus of the propagator, is found in terms of infinite series which are solutions to a set of differential equations. Those equations are found independently via the Hamilton-Jacobi equation, and by composition of infinitesimal propagators. 31.15.Kb,04.60.Gw 
I. INTRODUCTION
For a simple harmonic oscillator with one degree of freedom x(t) and the Lagrangian L(t) = 1 2 mẋ 2 (t) − mω 2 x 2 (t) (1) one can easily calculate the propagator via a path integral 1 :
K(x b t b |x a t a ) =
Dx exp i 2h 
where T ba = t b − t a . The purpose of this work is to calculate the propagator when the coördinate x is a real vector, and the Lagrangian is L(t) = 1 2 ẋ(t) tr m(t)ẋ(t) − x(t) tr ̟(t)x(t) ,
where the time-dependent real symmetric matrices m(t) and ̟(t) have taken the place of the constants m and mω 2 , respectively. The matrix m(t) is taken to be positive definite, but the matrices are otherwise arbitrary, and need not commute.
Since the action is quadratic, we know that the propagator must have the form
where the prefactor is proportional to the Van Vleck determinant 4,5 :
The result of this paper is to exhibit the classical action S ba = S cl (x b t b |x a t a ) explicitly in terms of the matrices m(t) and ̟(t).
Because the action S[x] is quadratic and homogeneous in x(t), we know that the classical action S ba must be quadratic in the endpoints x b and x a :
where A ba = A(t b |t a ), B ba = B(t b |t a ) and C ba = C(t b |t a ) are matrices which are taken to satisfy the symmetry conditions A ba C tr , so that the matrix in (6) is symmetric. 6 The propagator then takes the form
In the special case where the matrices m and ̟ are time-independent, one can find the classical action easily by defining q = m 1/2 x and Ω 2 = m −1/2 ̟m −1/2 so that the action is defined by a Lagrangian
Then the action of a classical path connecting (x a , t a ) to (x b , t b ) is, in terms of T ba = t b − t a ,
which corresponds to the form (6) with
(10b)
In the case of an infinitesimal time interval (t a = t and t b = t + dt), we can treat m(t) and ̟(t) as approximately constant, which means that the matrices in (6) are, in the infinitesimal case,
There are two straightforward ways to find the propagator for a finite interval: one could build it up directly out of infinitesimal propagators, or one could use the Hamilton-Jacobi equation to determine differential equations which must be satisfied by A ba B ba and C ba , and solve them using the initial conditions A(t|t) = 1 = B(t|t) and C(t|t) = 0 implied by (11). We will determine those equations in Sec. II, then demonstrate in Sec. III that they are exactly the conditions needed for the propagator (4) to obey the proper composition rule. Finally, we will exhibit the explicit solution to these equations in Sec. IV.
II. HAMILTON-JACOBI EQUATION
We know from classical mechanics 7 that the classical action S ba = S cl (x b t b |x a t a ) must satisfy the Hamilton-Jacobi equation
Since the Hamiltonian for the Lagrangian (3) is
the Hamilton-Jacobi equation is
where we have defined m b = m(t b ) and
Using the form (6) for the classical action and recalling that C −1 ba B ba is a symmetric matrix, we find
and
which means 1 2
and finally
Combining (15), (17), and (18) gives the Hamilton-Jacobi equation
where
For this to be satisfied for arbitrary x a and x b , the matrices X , Y, and Z must vanish, meaning A ba , B ba , and C ba must satisfy the equations
together with the initial conditions A(t|t) = 1 = B(t|t) and C(t|t) = 0, these uniquely determine the coëfficients A(t b |t a ), B(t b |t a ) and C(t b |t a ). By a similar demonstration, the Hamilton-Jacobi equation
implies the differential equations
III. COMPOSITION RULE
We can obtain the same equations for the matrices A, B and C by requiring that the propagator (7) satisfy the composition rule
Using (7) for the forms of K bc and K ca , we find
Comparison with (7) yields the composition rules
We can use these, along with the values (11) for infinitesimal propagation, to get expressions for A(t b + dt b |t a ), B(t b + dt b |t a ), and C(t b + dt b |t a ) in terms of A(t b |t a ), etc., which give the differential equations
similarly, the expressions for A(t b |t a + dt a ), etc., give the equations
These are just the requirements found in Sec. II for (6) to obey the Hamilton-Jacobi equations. Once again, the initial conditions for either of these systems of equations are [see (11)] A(t|t) = 1 = B(t|t) and C(t|t) = 0.
IV. SOLUTION TO THE DIFFERENTIAL EQUATIONS
Having determined the set of coupled differential equations (20) [or (22)] satisfied by the matrices A ba , B ba , and C ba appearing in the classical action (6) and hence the propagator (7), we now solve those equations explicitly to complete the construction of the propagator for given matrices m(t) and ̟(t).
Focussing on the t b equations (20), we see that we can write (20b) and (20c) form a set of coupled first-order linear differential equations, which can be written as a single larger matrix equation
whose solution can be written in terms of a time-ordered exponential
B tr contains only terms with even numbers of Ms, and
Thus
and we can obtain the other two matrices by using (20b) and (22c):
Similarly, consideration of (22a) and (22c), together with (20b) yields the (equivalent) solution
wheret 0 = t b . These solutions, while explicit, are only expressed as infinite series. However, such expressions can be useful for perturbative expansion of the propagator when the matrices m(t) and ̟(t) differ by small amounts from time-independent and/or commuting values. 
V. SUMMARY
We have constructed the propagator for a simple harmonic oscillator (3) with general time-independent mass and frequency matrices, which may or may not commute. The propagator, which is known to have the form (4), is explicitly expressed (7) in terms of three matrices A ba = A(t b |t a ), B ba = B(t b |t a ), and C ba = C(t b |t a ). These matrices, by virtue of the Hamilton-Jacobi equations for the classical action (6), or by building the finite propagator out of infinitesimal propagator, are shown to obey the systems of coupled differential equations (20) 
